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ON EXCEPTIONAL EIGENVALUES
OF THE LAPLACIAN FOR Γ0(N)
Xian-Jin Li
Abstract. An explicit Dirichlet series is obtained, which represents an analytic
function of s in the half-plane ℜs > 1/2 except for having simple poles at points
sj that correspond to exceptional eigenvalues λj of the non-Euclidean Laplacian
for Hecke congruence subgroups Γ0(N) by the relation λj = sj(1 − sj) for j =
1, 2, · · · , S. Coefficients of the Dirichlet series involve all class numbers hd of real
quadratic number fields. But, only the terms with hd ≫ d
1/2−ǫ for sufficiently large
discriminants d contribute to the residues mj/2 of the Dirichlet series at the poles
sj , where mj is the multiplicity of the eigenvalue λj for j = 1, 2, · · · , S. This may
indicate (I’m not able to prove yet) that the multiplicity of exceptional eigenvalues
can be arbitrarily large. On the other hand, by density theorem [3] the multiplicity
of exceptional eigenvalues is bounded above by a constant depending only on N .
1. Introduction
Let N be a positive integer. Denote by Γ0(N) the Hecke congruence subgroup
of level N . The non-Euclidean Laplacian ∆ on the upper half-plane H is given by
∆ = −y2
(
∂2
∂x2
+
∂2
∂y2
)
.
LetD be the fundamental domain of Γ0(N). Eigenfunctions of the discrete spectrum
of ∆ are nonzero real-analytic solutions of the equation ∆ψ = λψ such that ψ(γz) =
ψ(z) for all γ in Γ0(N) and such that ψ is square integrable on D with respect to
the Poincare´ measure dz of the upper half-plane.
The Hecke operators Tn, n = 1, 2, · · · , (n,N) = 1, which act in the space of
automorphic functions with respect to Γ0(N), are defined by
(Tnf) (z) =
1√
n
∑
ad=n, 0≤b<d
f
(
az + b
d
)
.
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It is well-known (see Iwaniec [3]) that there exists a maximal orthonormal system
of eigenfunctions of ∆ such that each of them is an eigenfunction of all the Hecke
operators. Let λj , j = 1, 2, · · · , be an enumeration in increasing order of all positive
discrete eigenvalues of ∆ for Γ0(N) with an eigenvalue of multiplicity m appearing
m times, and let κj =
√
λj − 1/4 with ℑκj > 0 if λj < 1/4.
If λ is a positive discrete eigenvalue less than 1/4, we call it an exceptional
eigenvalue. Let λ1, · · · , λS be exceptional eigenvalues of the Laplacian ∆ for Γ0(N).
In 1965, A. Selberg [10] made the following fundamental conjecture.
Selberg’s eigenvalue conjecture. If λ is a nonzero discrete eigenvalue of the
non-Euclidean Laplacian for any congruence subgroup, then λ ≥ 1/4.
A. Selberg [10] proved that λ > 3/16. The best available lower bound λ ≥
975/4096 is due to Kim and Sarnak [4]. It was obtained by combining automorphic
lifts sym3 : GL(2) → GL(4) [5] and sym4 : GL(2) → GL(5) [4] with families of
L-functions [8]. We note that if the general functorial conjectures concerning the
automorphic lifts symk : GL(2)→ GL(k + 1) are true for all k > 1, then Selberg’s
eigenvalue conjecture would follow.
In this paper, we indicate an elementary approach towards the Selberg eigenvalue
conjecture. Namely, we prove the following theorem.
Theorem 1. Let
L(s) =
∑
k|N
∑
d∈Ω, k|ud
∏
p2l|(d,N/k)
pl
∏
p|N/k
(1 + (
d
p
))
hdk2 ln ǫdk2
(du2d)
s
−
∑
d∈Ω
hd ln ǫd
(du2d)
s
where (vd, ud) is the smallest positive solution of Pell’s equation v
2−du2 = 4 and the
product on p2l is over all distinct primes p with p2l being the greatest even p-power
factor of (d,N/k). Then L(s) represents an analytic function of s in the half-plane
ℜs > 1/2 except for having simple poles at sj = 12 − iκj , j = 1, 2, · · · , S. Moreover,
we have
mj = 2Ress=sjL(s)
for j = 1, 2, · · · , S.
Corollary 2. If N is square free, then the series
L1(s) =
∑
m|N, k|N
(m,k) 6=(1,1)
k
µ((m, k))
(m, k)
∑
d∈Ω, k|ud
(
d
m
)
hd ln ǫd
(du2d)
s
represents an analytic function of s in the half-plane ℜs > 1/2 except for having
simple poles at sj =
1
2 − iκj , j = 1, 2, · · · , S, where (vd, ud) is the smallest positive
solution of Pell’s equation v2 − du2 = 4. Moreover, we have
mj = 2Ress=sjL1(s).
This work was initiated while the author attended the workshop on Eisenstein
Series and Applications at the American Institute of Mathematics (AIM), August
15-19, 2005. The author wants to thank AIM for the invitation of attending the
workshop.
ON EXCEPTIONAL EIGENVALUES OF THE LAPLACIAN FOR Γ0(N) 3
2. Proofs of Theorem 1 and Corollary 2
We denote by hd the class number of indefinite rational quadratic forms with
discriminant d. Let
ǫd =
v0 + u0
√
d
2
,
where the pair (v0, u0) is the smallest positive solution of Pell’s equation v
2−du2 =
4. Let Ω be the set of all the positive integers d such that d ≡ 0 or 1 (mod 4) and
such that d is not a square of an integer.
Lemma 2.1. Let d and d1 be integers in Ω. If d1 = dl
2, then
hd1 ln ǫd1 = l
∏
p|l
(
1−
(
d
p
)
p−1
)
hd ln ǫd.
Proof. The stated identity follows from Dirichlet’s class number formula (see, §100
of Dirichlet [2])
hd1 ln ǫd1 =
√
d1L(1, χd1)
and the identity
L(1, χd1) = L(1, χd)
∏
p|l
(
1−
(
d
p
)
p−1
)
. 
Lemma 2.2. Let d and d1 be integers in Ω, and let d1 = dl
2. Then ǫd1 = ǫ
νl
d for
a positive integer νl.
Proof. If (v1, u1) is the smallest positive solution of Pell’s equation
(2.1) v2 − dl2u2 = 4,
then
ǫd1 =
v1 +
√
d1u1
2
.
Let (v0, u0) be the smallest positive solution of Pell’s equation
(2.2) v2 − du2 = 4.
By §85 of Dirichlet [2], all positive solutions (v, u) of (2.2) are given by the formula
v +
√
du
2
=
(
v0 +
√
du0
2
)n
for positive integers n. Since (v1, lu1) is a positive solution of (2.2), there exists a
positive integer νl such that
v1 +
√
d1u1
2
=
(
v0 +
√
du0
2
)νl
. 
We denote the multiplicity of the eigenvalue λj by mj for j = 1, 2, · · · .
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Lemma 2.3. Let N be any positive integer, and let
LN (s) =
∑
k|N
k1−2s
∑
d∈Ω
∑
u
∏
p2l|(d,N/k)
pl
∏
p|N/k
(1 + (
d
p
))
∏
p|k
(1− (d
p
)p−1)
hd ln ǫd
(du2)s
for ℜs > 1, where the sum on u is over all positive integers u such that √4 + dk2u2 ∈
Z and where the product on p2l is over all distinct primes p with p2l being the greatest
even p-power factor of (d,N/k). Then LN (s) is analytic for ℜs > 1 and has analytic
continuation to the half-plane ℜs > 1/2 except for having simple poles at s = 1 and
sj =
1
2 − iκj , j = 1, 2, · · · , S. Moreover, we have
mj = 2Ress=sjLN (s)
for j = 1, 2, · · · , S.
Proof. Let
h(r) = 4s
√
π
Γ(s− 1/2)
Γ(s)
∫ ∞
0
(
u+
1
u
+ 2
)1/2−s
uir−1du
for ℜs > 1/2. Then the lemma follows from Theorem 4.3, the proof of Lemma 5.3,
the proof of Theorem 1 in Li [7], and the Selberg trace formula
h(−i/2) +
∞∑
j=1
h(κj)mj
= 41/2+s
√
π
Γ(s− 1/2)
Γ(s)
LN (s) + f(s)
for ℜs > 1 where f(s) is a certain analytic function of s in the half-plane ℜs ≥ 1/2
except for a possible pole at s = 1/2 (see (4.4) of Li [7]). 
Remark 2.4. Siegel [11] proved that
(2.3) lim
d→∞
ln(hd ln ǫd)
ln d
=
1
2
.
Lemma 2.5. Let
L¯N (s) =
∑
k|N
∑
d∈Ω, k|ud
∏
p2l|(d,N/k)
pl
∏
p|N/k
(1 + (
d
p
))
hdk2 ln ǫdk2
(du2d)
s
for ℜs > 1, where (vd, ud) is the smallest positive solution of Pell’s equation v2 −
du2 = 4 and the product on p2l is over all distinct primes p with p2l being the
greatest even p-power factor of (d,N/k). Then L¯N (s) is analytic for ℜs > 1 and
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has analytic continuation to the half-plane ℜs > 1/2 except for having simple poles
at s = 1 and sj =
1
2
− iκj , j = 1, 2, · · · , S. Moreover, we have
mj = 2Ress=sj L¯N (s).
Proof. By Lemma 2.3, the function
(2.4) LN (s) =
∑
k|N
k1−2s
∑
d∈Ω
∑
u
∏
p2l|(d,N/k)
pl
∏
p|N/k
(1+ (
d
p
))
∏
p|k
(1− (d
p
)p−1)
hd ln ǫd
(du2)s
has analytic continuation to the half-plane ℜs > 1/2 except for having simple poles
at s = 1 and sj =
1
2
− iκj , j = 1, 2, · · · , S, where the sum on u is over all positive
solutions of Pell’s equation
(2.5) v2 − dk2u2 = 4.
Let (vk, uk) be the smallest positive solution of (2.5). By §85 of Dirichlet [2], all
positive solutions (v, u) of (2.5) are given by the formula
v +
√
dku
2
=
(
vk +
√
dkuk
2
)n
for n = 1, 2, · · · . Hence, we have
(2.6)
√
dku =
(
vk +
√
dkuk
2
)n1−
(
vk +
√
dkuk
2
)−2n
>
(
vk +
√
dkuk
2
)n
(1 + 2/
√
dk)−1.
Let σ = ℜs > 1/2, and let τ(n) be the number of positive divisors of an integer
n. By (2.6) and (2.3), we have
|
∑
k|N
k1−2s
∑
d∈Ω
∑
u6=uk
∏
p2l|(d,N/k)
pl
∏
p|N/k
(1 + (
d
p
))
∏
p|k
(1− (d
p
)p−1)
hd ln ǫd
(du2)s
|
≤
∑
k|N
√
kN2τ(N)
∑
d∈Ω
(1 + 2/
√
dk)2σhd ln ǫd
∞∑
n=2
(
vk +
√
dkuk
2
)−2nσ
≤
∑
k|N
√
kN2τ(N)32σ+1
∑
d∈Ω
hd ln ǫd
(
vk +
√
dkuk
2
)−4σ
≤ 16σN2τ(N)32σ+1
∑
k|N
∑
d∈Ω
d1/2+ǫ−2σ(kuk)
−4σ.
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Note that τ(n) = nǫ as n → ∞. Since, for a fixed positive integer v, there are at
most τ(v2 − 4) number of d’s in Ω such that v2 − du2 = 4 for positive integers u,
we have∑
d∈Ω
d1/2+ǫ−2σ(kuk)
−4σ ≤
∑
d∈Ω
(v2k − 4)−σ ≤
∞∑
v=3
τ(v2 − 4)
(v2 − 4)σ ≪
∞∑
v=3
1
(v2 − 4)σ−ǫ <∞
for σ > 1/2. Hence, the series∑
k|N
k1−2s
∑
d∈Ω
∑
u6=uk
∏
p2l|(d,N/k)
pl
∏
p|N/k
(1 + (
d
p
))
∏
p|k
(1− (d
p
)p−1)
hd ln ǫd
(du2)s
represents an analytic function of s in the half-plane ℜs > 1/2. It follows from (2.4)
that the function
(2.7)
∑
k|N
k1−2s
∑
d∈Ω
∏
p2l|(d,N/k)
pl
∏
p|N/k
(1 + (
d
p
))
∏
p|k
(1− (d
p
)p−1)
hd ln ǫd
(du2k)
s
has analytic continuation to the half-plane ℜs > 1/2 except for having simple poles
at s = 1 and sj =
1
2 − iκj , j = 1, 2, · · · , S.
Next, let (v0, u0) be the smallest positive solution of Pell’s equation
(2.8) v2 − du2 = 4.
Let k be a divisor of N . If (vk, kuk) is a solution of (2.8) different from (v0, u0),
then by Lemma 2.2 there exists an integer n ≥ 2 such that
vk +
√
dkuk
2
=
(
v0 +
√
du0
2
)n
.
Hence, we have
(2.9)
√
dkuk =
(
v0 +
√
du0
2
)n1−
(
v0 +
√
du0
2
)−2n
>
(
v0 +
√
du0
2
)n
(1 + 2/
√
d)−1.
By (2.9) and (2.3), we have
|
∑
k|N
k1−2s
∑
d∈Ω, kuk 6=u0
∏
p2l|(d,N/k)
pl
∏
p|N/k
(1 + (
d
p
))
∏
p|k
(1− (d
p
)p−1)
hd ln ǫd
(du2k)
s
|
≤
∑
k|N
√
kN2τ(N)
∑
d∈Ω, kuk 6=u0
(1 + 2/
√
d)2σhd ln ǫd
(
v0 +
√
du0
2
)−2nσ
≤
∑
k|N
√
kN2τ(N)9σ
∑
d∈Ω, kuk 6=u0
hd ln ǫd
(
v0 +
√
du0
2
)−4σ
≤ 16στ(N)N2τ(N)9σ
∑
d∈Ω
d1/2+ǫ−2σu−4σ0 .
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Since
∑
d∈Ω
d1/2+ǫ−2σu−4σ0 ≤
∑
d∈Ω
(v20 − 4)−σ ≤
∞∑
v=3
τ(v2 − 4)
(v2 − 4)σ ≤
∞∑
v=3
1
(v2 − 4)σ−ǫ <∞
for σ > 1/2, the series
∑
k|N
k1−2s
∑
d∈Ω, kuk 6=u0
∏
p2l|(d,N/k)
pl
∏
p|N/k
(1 + (
d
p
))
∏
p|k
(1− (d
p
)p−1)
hd ln ǫd
(du2k)
s
represents an analytic function of s in the half-plane ℜs > 1/2. It follows from (2.7)
that the function
(2.10)
∑
k|N
k
∑
d∈Ω, k|u0
∏
p2l|(d,N/k)
pl
∏
p|N/k
(1 + (
d
p
))
∏
p|k
(1− (d
p
)p−1)
hd ln ǫd
(du20)
s
has analytic continuation to the half-plane ℜs > 1/2 except for having simple poles
at s = 1 and sj =
1
2 − iκj , j = 1, 2, · · · , S, where the product on p2l is over all
distinct primes p with p2l being the greatest even p-power factor of (d,N/k). By
Lemma 2.1 we can write (2.10) as
∑
k|N
∑
d∈Ω, k|u0
∏
p2l|(d,N/k)
pl
∏
p|N/k
(1 + (
d
p
))
hdk2 ln ǫdk2
(du20)
s
.
This completes the proof of the lemma. 
Proof of Theorem 1. It is proved in [6] that the series
F (s) =
∑
d∈Ω
hd ln ǫd
ds
∑
u>0
v2−du2=4
1
u2s
,
represents an analytic function of s in the half-plane ℜ s > 1/2 except for having a
simple poles at s = 1. By (2.3), (3.4), (3.5), Lemma 3.5, Lemma 4.1, and Lemma
4.2 of [6], we have that
(2.11) F (s)− h(−i/2)
is analytic in the half-plane ℜ s > 1/2. Let (vd, ud) be the smallest positive solution
of Pell’s equation v2 − du2 = 4. If u 6= ud, then
v +
√
du
2
=
(
vd +
√
dud
2
)ν
8 XIAN-JIN LI
for some positive integer ν ≥ 2. Similarly as in (2.9), we can obtain that
√
du ≥ 1
3
ǫνd .
It follows that
(2.12)
∣∣∣∣∣∣∣∣
∑
d∈Ω
hd ln ǫd
ds
∑
u6=ud
v2−du2=4
1
u2s
∣∣∣∣∣∣∣∣
≤ 9
∑
d∈Ω
hd ln ǫd
ǫ4σd
≤ 24σ9
∑
d∈Ω
d1/2+ǫ−2σu−4σd <∞
for σ = ℜs > 1/2. Let
l(s) =
∑
d∈Ω
hd ln ǫd
(du2d)
s
.
By (2.11) and (2.12), we obtain that
(2.13) l(s)− h(−i/2)
is analytic in the half-plane ℜ s > 1/2.
Let L¯N (s) be given as in Lemma 2.5. Then by (1.4), (4.4), (4.5), Theorem 4.3,
Lemma 5.1, and Lemma 5.3 of [7], we have that
(2.14) L¯N (s)− h(−i/2)
is an analytic function of s in the half-plane ℜ s > 1/2 except for simple poles at
s = 1/2− iκj , j = 1, 2, · · · , S. It follows from (2.13) and (2.14) that
L(s) = L¯N (s)− l(s)
represents an analytic function of s in the half-plane ℜ s > 1/2 except for simple
poles at sj = 1/2− iκj , j = 1, 2, · · · , S. Moreover, we have
mj = 2Ress=sjL(s)
for j = 1, 2, · · · , S.
This completes the proof of the theorem. 
Proof of Corollary 2. By Theorem 1 the series
∑
k|N
k
∑
d∈Ω, k|ud
∏
p2l|(d,N/k)
pl
∏
p|N/k
{1 +
(
d
p
)
}
∏
p|k
{1− 1
p
(
d
p
)
}hd ln ǫd
(du2d)
s
−
∑
d∈Ω
hd ln ǫd
(du2d)
s
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represents an analytic function of s in the half-plane ℜs > 1/2 except for having
simple poles at sj =
1
2
− iκj , j = 1, 2, · · · , S, where (vd, ud) is the smallest positive
solution of Pell’s equation v2 − du2 = 4 and the product on p2l is over all distinct
primes p with p2l being the greatest even p-power factor of (d,N/k). Moreover, we
have
mj = 2Ress=sjL(s)
for j = 1, 2, · · · , S.
Since N is square free, we have
(2.15)
∏
p|N/k
{1 +
(
d
p
)
}
∏
p|k
{1− 1
p
(
d
p
)
} =
∑
m|N
µ((m, k))
(m, k)
(
d
m
)
where µ(n) is the Mo¨bius function and (m, k) denotes the greatest common divisor
of m and k. By using the identity (2.15), we can write
∑
k|N
k
∑
d∈Ω, k|ud
∏
p2l|(d,N/k)
pl
∏
p|N/k
{1 +
(
d
p
)
}
∏
p|k
{1− 1
p
(
d
p
)
}hd ln ǫd
(du2d)
s
−
∑
d∈Ω
hd ln ǫd
(du2d)
s
=
∑
m|N,k|N
k
µ((m, k))
(m, k)
∑
d∈Ω, k|ud
(
d
m
)
hd ln ǫd
(du2d)
s
−
∑
d∈Ω
hd ln ǫd
(du2d)
s
=
∑
m|N, k|N
(m,k) 6=(1,1)
k
µ((m, k))
(m, k)
∑
d∈Ω, k|ud
(
d
m
)
hd ln ǫd
(du2d)
s
.
It follows that then the series
L1(s) =
∑
m|N, k|N
(m,k) 6=(1,1)
k
µ((m, k))
(m, k)
∑
d∈Ω, k|ud
(
d
m
)
hd ln ǫd
(du2d)
s
represents an analytic function of s in the half-plane ℜs > 1/2 except for having
simple poles at those points sj =
1
2 − iκj , j = 1, 2, · · · , S, where (vd, ud) is the
smallest positive solution of Pell’s equation v2 − du2 = 4. Moreover, we have
mj = 2Ress=sjL1(s)
for j = 1, 2, · · · , S.
This completes the proof of the corollary. 
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